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Finslerian 4-spinors as a generalization of
twistors
A.V. Solov’yov∗
Abstract
The main facts of the geometry of Finslerian 4-spinors are for-
mulated. It is shown that twistors are a special case of Finslerian
4-spinors. The close connection between Finslerian 4-spinors and the
geometry of a 16-dimensional vector Finslerian space is established.
The isometry group of this space is described. The procedure of di-
mensional reduction to 4-dimensional quantities is formulated.
1 Introduction
In the works [1, 2], hyperspinors and their basic properties were considered.
The same mathematical objects were independently studied under the name
of N -component spinors in the papers [3, 4]. Finally, in the work [5], the gen-
eral algebraic theory of Finslerian N-spinors was constructed. The last term
is more suitable because it reflects the close connection between hyperspinors
and Finslerian geometry.
This paper is devoted to formulating the main facts of the geometry of
Finslerian 4-spinors. We show that twistors of R. Penrose [6] are a special
case of Finslerian 4-spinors and can be associated not only with pseudo-
Euclidean geometry, but also with Finslerian one. After deducing the ex-
pression for the length of a vector in the 16-dimensional Finslerian space, we
describe the corresponding isometry group. We also formulate the procedure
of dimensional reduction which allows us to rewrite the expression for the
Finslerian length of a 16-vector in terms of 4-dimensional geometric objects.
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2 The geometry of Finslerian 4-spinors
Let C4 be the vector space of 4-component columns of complex numbers with
respect to the standard matrix operations of addition and multiplication by
elements of the field C. Let us consider the antisymmetric 4-linear form
[ξ, η, λ, µ] = εabcd ξ
aηbλcµd, (1)
where ξ, η, λ, µ ∈ C4, εabcd is the Levi-Civita symbol with the ordinary
normalization ε1234 = 1, the indices a, b, c, d run independently from 1 to 4,
and ξa, ηb, λc, µd ∈ C. Here and in the following formulas, the summation
is taken over all the repeating indices.
The space C4 equipped with the form (1) is called the space of Fins-
lerian 4-spinors. The complex number [ξ, η, λ, µ] is respectively called the
symplectic scalar 4-product of the Finslerian 4-spinors ξ, η, λ, and µ.
Since (1) is the determinant
[ξ, η, λ, µ] =
∣∣∣∣∣∣∣∣
ξ1 η1 λ1 µ1
ξ2 η2 λ2 µ2
ξ3 η3 λ3 µ3
ξ4 η4 λ4 µ4
∣∣∣∣∣∣∣∣
(2)
with the columns ξ, η, λ, µ, the symplectic scalar 4-product [ξ, η, λ, µ] van-
ishes if and only if the Finslerian 4-spinors ξ, η, λ, and µ are linearly depen-
dent [7]. In particular, [ξ, ξ, ξ, ξ] = 0 for any ξ ∈ C4.
Let us find isometries of the space of Finslerian 4-spinors, i.e., the linear
transformations
ξ′ = Dξ ⇐⇒ ξ′a = dabξb (D = ‖dab‖; dab ∈ C; a, b = 1, 4) (3)
which preserve the symplectic scalar 4-product:
[ξ′, η′, λ′, µ′] = [ξ, η, λ, µ] for any ξ, η, λ, µ ∈ C4. (4)
Substituting (3) and the similar expressions for η′, λ′, µ′ into the condition
(4), we obtain
[ξ, η, λ, µ] detD = [ξ, η, λ, µ] (5)
with regard to (2). Due to arbitrariness of ξ, η, λ, µ ∈ C4, the equation (5)
implies detD = 1. Thus, the isometries of the space of Finslerian 4-spinors
form the group SL(4,C).
If to equip C4 with the additional geometric structure, then the space of
Finslerian 4-spinors becomes the twistor space. Namely, let us consider the
Hermitian form
〈ξ, η〉 = ξ1η1 + ξ2η2 − ξ3η3 − ξ4η4, (6)
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where ξ, η ∈ C4 and the over-lines denote complex conjugating. The complex
number 〈ξ, η〉 is usually called the pseudounitary scalar product of ξ and η.
With respect to the scalar product (6), C4 is the twistor space [6]. It is
evident that the transformations (3), which preserve the forms (1) and (6)
simultaneously, make up the so-called twistor group SU(2, 2) ⊂ SL(4,C). In
this sense, twistors are a special case of Finslerian 4-spinors.
Let us consider the subspace of the vector space C4 ⊗ C4 which consists
of Hermitian tensors. This subspace is isomorphic to the 16-dimensional real
vector space Herm(4) = {X | X = X+} of all Hermitian 4× 4 matrices with
complex elements. Here, the cross denotes Hermitian conjugating.
As a basis of the space Herm(4), we choose the following linearly inde-
pendent matrices
τ0 =


1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 , τ1 =


0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

 , τ2 =


0 −i 0 0
i 0 0 0
0 0 0 0
0 0 0 0

 ,
τ3 =


1 0 0 0
0 −1 0 0
0 0 0 0
0 0 0 0

 , τ4 =


0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0

 , τ5 =


0 0 −i 0
0 0 0 0
i 0 0 0
0 0 0 0

 ,
τ6 =


0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

 , τ7 =


0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0

 , τ8 =


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

 ,
τ9 =


0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0

 , τ10 =


0 0 0 −i
0 0 0 0
0 0 0 0
i 0 0 0

 , τ11 =


0 0 0 0
0 0 0 1
0 0 0 0
0 1 0 0

 ,
τ12 =


0 0 0 0
0 0 0 −i
0 0 0 0
0 i 0 0

 , τ13 =


0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0

 , τ14 =


0 0 0 0
0 0 0 0
0 0 0 −i
0 0 i 0

 ,
τ15 =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

 . (7)
Then, for any X ∈ Herm(4), we have the expansion
X = XAτA (A = 0, 15), (8)
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where XA ∈ R are components of the 16-vector X with respect to the basis
(7). Along with the matrices (7), we introduce another set of the Hermitian
4 × 4 matrices: τB = τB (B 6= 8, 15), τ 8 = 2τ8, τ 15 = 2τ15. Under such a
choice of the matrices, the remarkable relations
Tr(τAτB) = 2δ
A
B (A,B = 0, 15) (9)
are fulfilled. Here, δAB is the Kronecker symbol. Because of (8) and (9),
XA =
1
2
Tr(τAX). (10)
Let us equip Herm(4) with the structure of the Finslerian space. To this
end, we define the length |X| of the 16-vector X ∈ Herm(4) in the following
way: |X| ≡ 4√detX . Computing the determinant of (8), we obtain the
expression for |X|4 in the basis (7):
|X|4 = GABCDXAXBXCXD
= X15
{
[(X0)2 − (X1)2 − (X2)2 − (X3)2]X8
− [(X4)2 + (X5)2 + (X6)2 + (X7)2]X0 + 2[X4X6 +X5X7]X1
+ 2[X5X6 −X4X7]X2 + [(X4)2 + (X5)2 − (X6)2 − (X7)2]X3}
− [(X0)2 − (X1)2 − (X2)2 − (X3)2][(X13)2 + (X14)2]
+ [(X4)2 + (X5)2][(X11)2 + (X12)2] + [(X6)2 + (X7)2]
× [(X9)2 + (X10)2]−X0X8[(X9)2 + (X10)2 + (X11)2 + (X12)2]
+X3X8[(X9)2 + (X10)2 − (X11)2 − (X12)2] + 2{[X0 −X3]
× [X4X9X13 +X4X10X14 −X5X9X14 +X5X10X13]
+ [X0 +X3][X6X11X13 +X6X12X14 −X7X11X14
+X7X12X13]−X1[X4X11X13 +X4X12X14 −X5X11X14
+X5X12X13 +X6X9X13 +X6X10X14 −X7X9X14
+X7X10X13 −X8X9X11 −X8X10X12]−X2[X4X11X14
−X4X12X13 +X5X11X13 +X5X12X14 −X6X9X14
+X6X10X13 −X7X9X13 −X7X10X14 +X8X9X12
−X8X10X11]−X4[X6X9X11 +X6X10X12 +X7X9X12
−X7X10X11] +X5[X6X9X12 −X6X10X11 −X7X9X11
−X7X10X12]}. (11)
Here, GABCD are components of the covariant symmetric tensor on Herm(4).
Thus, the Finslerian length of the 16-vector X ∈ Herm(4) in the basis (7) is
the form of degree 4 with respect to its components (10). It should be noted
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that the form (11) is indefinite, i.e., the cases |X|4 > 0, |X|4 < 0 or |X|4 = 0
are possible. Since |X|4 = detX , we have |X|4 = 0 if and only if detX = 0.
Any linear transformation (3) of the space of Finslerian 4-spinors induces
the transformation
X ′ = DXD+ ⇐⇒ X ′ab˙ = dacdb˙e˙Xce˙ (X ′ = ‖X ′ab˙‖;X = ‖Xce˙‖) (12)
in Herm(4). Here, all the indices run from 1 to 4 and X ∈ Herm(4). It is
evident that the transformation (12) has the following properties:
1. If X = X+, then X ′ = X ′+.
2. The transformation (12) is linear with respect to X .
3. If detD = 1, then detX ′ = detX for any X ∈ Herm(4).
Since |X| = 4√detX , the last property means that the linear transformation
(12) with D ∈ SL(4,C) is a Finslerian isometry of the space Herm(4), i.e.,
|X ′| = |X|. It is clear that all such isometries form a group. We will give the
explicit matrix description of this group in the basis (7).
Let us substitute the expansions X ′ = X ′AτA and X = X
BτB into (12).
We then multiply the resulting equality by τA from the left, compute its
trace, and use the relations (9). As a result, we obtain
X ′A = L(D)ABX
B (A,B = 0, 15), (13)
where
L(D)AB =
1
2
Tr(τADτBD
+) (14)
are elements of the matrix of the linear transformation (12) in the basis (7).
It should be noted that L(D)AB ∈ R. Thus, for any D ∈ SL(4,C), the trans-
formation (13)–(14) preserves the form (11) so that GABCDX
′AX ′BX ′CX ′D =
GABCDX
AXBXCXD.
Since the group SL(2,C) ⊂ SL(4,C) is locally isomorphic to the group
O↑+(1, 3) [8], it is interesting to consider the transformation (13)–(14) with
D ∈ SL(2,C), i.e., from the point of view of a “4-dimensional observer”.
This will allow us to represent the expression (11) for the Finslerian length
of the 16-vector completely in the 4-dimensional form.
Let
D2 =


d11 d
1
2 0 0
d21 d
2
2 0 0
0 0 1 0
0 0 0 1

 , detD2 = 1 (daˆbˆ ∈ C; aˆ, bˆ = 1, 2). (15)
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The matrices (15) form a subgroup of SL(4,C) which is isomorphic to the
group SL(2,C). Let us substitute the matrix D2 from (15) into (14) instead
of D. Direct computations show that
L(D2)
0
0 =
1
2
(d11d
1
1 + d
1
2d
1
2 + d
2
1d
2
1 + d
2
2d
2
2),
L(D2)
0
1 =
1
2
(d11d
1
2 + d
2
1d
2
2 + d
1
2d
1
1 + d
2
2d
2
1),
L(D2)
0
2 =
i
2
(d12d
1
1 + d
2
2d
2
1 − d11d12 − d21d22),
L(D2)
0
3 =
1
2
(d11d
1
1 + d
2
1d
2
1 − d12d12 − d22d22),
L(D2)
1
0 =
1
2
(d11d
2
1 + d
2
1d
1
1 + d
1
2d
2
2 + d
2
2d
1
2),
L(D2)
1
1 =
1
2
(d11d
2
2 + d
2
1d
1
2 + d
1
2d
2
1 + d
2
2d
1
1),
L(D2)
1
2 =
i
2
(d12d
2
1 + d
2
2d
1
1 − d11d22 − d21d12),
L(D2)
1
3 =
1
2
(d11d
2
1 + d
2
1d
1
1 − d12d22 − d22d12),
L(D2)
2
0 =
i
2
(d11d
2
1 − d21d11 + d12d22 − d22d12),
L(D2)
2
1 =
i
2
(d11d
2
2 − d21d12 + d12d21 − d22d11),
L(D2)
2
2 =
1
2
(d11d
2
2 + d
2
2d
1
1 − d12d21 − d21d12),
L(D2)
2
3 =
i
2
(d11d
2
1 − d21d11 − d12d22 + d22d12),
L(D2)
3
0 =
1
2
(d11d
1
1 − d21d21 + d12d12 − d22d22),
L(D2)
3
1 =
1
2
(d11d
1
2 − d21d22 + d12d11 − d22d21),
L(D2)
3
2 =
i
2
(d12d
1
1 − d22d21 − d11d12 + d21d22),
L(D2)
3
3 =
1
2
(d11d
1
1 − d12d12 − d21d21 + d22d22), (16)
L(D2)
3+i
3+j = L(D2)
8+i
8+j = M(D2)
i
j (i, j = 1, 4), where
M(D2)
1
1 =
1
2
(d11 + d
1
1), M(D2)
3
1 =
1
2
(d21 + d
2
1),
M(D2)
1
2 =
i
2
(d11 − d11), M(D2)32 =
i
2
(d21 − d21),
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M(D2)
1
3 =
1
2
(d12 + d
1
2), M(D2)
3
3 =
1
2
(d22 + d
2
2),
M(D2)
1
4 =
i
2
(d12 − d12), M(D2)34 =
i
2
(d22 − d22),
M(D2)
2
1 =
i
2
(d11 − d11), M(D2)41 =
i
2
(d21 − d21),
M(D2)
2
2 =
1
2
(d11 + d
1
1), M(D2)
4
2 =
1
2
(d21 + d
2
1),
M(D2)
2
3 =
i
2
(d12 − d12), M(D2)43 =
i
2
(d22 − d22),
M(D2)
2
4 =
1
2
(d12 + d
1
2), M(D2)
4
4 =
1
2
(d22 + d
2
2), (17)
L(D2)
8
8 = L(D2)
13
13 = L(D2)
14
14 = L(D2)
15
15 = 1, while the other elements of the
matrix of the transformation X ′A = L(D2)
A
BX
B vanish. Thus, for D = D2,
the Finslerian isometry (13) has the form
X ′α = L(D2)
α
βX
β (α, β = 0, 3),
θ′i = M(D2)
i
jθ
j (i, j = 1, 4),
X ′8 = X8,
ϑ′i = M(D2)
i
jϑ
j (i, j = 1, 4),
X ′13 = X13,
X ′14 = X14,
X ′15 = X15, (18)
where L(D2)
α
β , M(D2)
i
j are given by (16)–(17) and the notation θ
i = X3+i,
ϑj = X8+j is used.
It was shown in the paper [5] that (16) and (17) are the elements of the
matrices of the transformations for a Lorentz 4-vector and a Majorana 4-
spinor respectively. Therefore, the result (18) asserts that, for D = D2, the
16-vector XA splits into the Lorentz 4-vector Xα, the Majorana 4-spinors θi,
ϑj , and the Lorentz 4-scalars X8, X13, X14, X15.
This is the essence of the procedure of dimensional reduction allowing
to display the “4-dimensional structure” of 16-dimensional expressions. Let
us apply this procedure to the cumbersome formula (11) for the Finslerian
length of the 16-vector XA. Taking into consideration (18), we obtain
|X|4 = X15[X8gµνXµXν − gµνXµθγνθ]
− [(X13)2 + (X14)2]gµνXµXν −X8gµνXµϑγνϑ
+ 2X13gµνX
µθγνϑ+ 2X14gµνX
µθγ5γνϑ
7
+
1
2
gµνθγ
µθ ϑγνϑ, (19)
where µ, ν = 0, 3, ‖gµν‖ = diag (1,−1,−1,−1) is the matrix of components
of the Minkowski metric tensor in a pseudoorthonormal basis,
γ0 =


0 0 i 0
0 0 0 −i
−i 0 0 0
0 i 0 0

 , γ1 =


i 0 0 0
0 −i 0 0
0 0 −i 0
0 0 0 i

 , γ2 =


0 i 0 0
i 0 0 0
0 0 0 i
0 0 i 0

 ,
γ3 =


0 0 −i 0
0 0 0 i
−i 0 0 0
0 i 0 0

 , γ5 = γ0γ1γ2γ3 =


0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0


are the Dirac matrices in the Majorana representation [5], θ, ϑ ∈ R4 are
the Majorana 4-spinors, and θ = θ⊤γ0, ϑ = ϑ⊤γ0 (the mark ⊤ denotes the
matrix transposition). Thus, the expression (11) is written in the compact
4-dimensional form (19).
3 Conclusion
Summarizing, we make some remarks concerning the obtained results.
First of all, we should note the dual nature of twistors. Those are
spinors of the 6-dimensional pseudo-Euclidean space with two time-like di-
mensions [6]. On the other hand, as it is shown in this paper, twistors
are a special case of Finslerian 4-spinors of the 16-dimensional vector space
equipped with the metric form (11).
In addition, the paper contains the explicit description of isometries of
the above 16-dimensional Finslerian space and the procedure of dimensional
reduction which allows us to write (11) in the 4-dimensional form (19). The
latter is important because it demonstrates the correspondence of our con-
structions to the standard relativistic theory on the level of geometry.
The author is grateful to Yu.S. Vladimirov, S.V. Bolokhov, and A.V. Pili-
penko for helpful discussions of obtained results.
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